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Abstract
A minimal flavour violation hypothesis for leptons can be implemented essentially in two ways that are compatible
with a type-I seesaw structure with three heavy singlet neutrinos N, and that satisfy the requirement of being predictive,
in the sense that all lepton flavor violating (LFV) effects can be expressed in terms of low energy observables. The
first realization is CP conserving and is based on the flavor group S U(3)e × S U(3)` ×O(3)N (being e and ` the S U(2)
singlet and doublet leptons). The second realization allows for CP violation and is based on S U(3)e × S U(3)`+N . I
review the main features of the two schemes and point out their different implications for LFV observables.
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1. Introduction
The assumption that the sources of breaking of
the flavour symmetry present in the standard model
(SM) Lagrangian determine completely the structure
of flavour symmetry breaking also beyond the SM, is
commonly referred to as the Minimal Flavour Viola-
tion (MFV) hypothesis [1–3]. In the quark sector there
is a unique way to implement MFV: the two quark
SM Yukawa couplings are identified as the only rele-
vant breaking terms of the S U(3)3 quark-flavour sym-
metry [3]. For the lepton sector the same is not true:
the SM cannot accommodate Lepton Flavour Violation
(LFV) because there is a single set of Yukawa cou-
plings (those of the charged leptons) that can always
be brought into diagonal form by rotating the three
S U(2)L-doublets `α and the three right-handed (RH)
S U(2)L-singlets eα (α = e, µ, τ). However, with the
discovery of neutrino oscillation it has been clearly es-
tablished that lepton flavor is not conserved. It is then
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interesting to extend the MFV hypothesis to the lepton
sector (MLFV) by starting from a Lagrangian able to
describe the observed LFV in neutrino oscillations. The
problem is that we do not know which physics beyond
the SM is responsible for these effects, and different
generalizations of the SM yield different formulations
of the MLFV hypothesis.
2. Minimal effective theories for the seesaw
A theoretically very appealing way to extend the SM
to a dynamical model that can account for strongly sup-
pressed neutrino masses is the type-I seesaw, where it
is assumed that in addition to the SM leptons (` and e)
at high energies there is at least another set of dynam-
ical fields carrying lepton flavour: three SM singlets
heavy Majorana neutrinos Ni. The gauge invariant ki-
netic terms for the lepton fields `α, eα and Ni is:
LKin = ¯`α 6D` `α + e¯α 6De eα + N¯i 6∂Ni , (1)
where D` ,De denote covariant derivatives. The largest
group of flavour transformations that leavesLKin invari-
ant is G = U(3)` × U(3)N × U(3)e. We assume that G,
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or some subgroup of G, is the relevant group of flavour
transformations, and we require that the only symmetry-
breaking terms can be identified with the parameters ap-
pearing in the seesaw Lagrangian, that is:
− Lseesaw = e ¯`αYαβe eβ H + ν ¯`αYα jν N j H˜
+
1
2
2ν µL N¯
c
i Y
i j
M N j + h.c.. (2)
The symmetry group can be decomposed as G =
U(1)Y × U(1)L × U(1)R × GF where U(1)Y and U(1)L
correspond to hypercharge (that remains unbroken) and
to total lepton number, respectively; U(1)R can be iden-
tified either with U(1)e or with U(1)N , corresponding
respectively to global phase rotations of e or N, and
GF = S U(3)` × S U(3)N × S U(3)e , (3)
is the flavour group, broken at some large scale ΛF 
TeV. Formal invariance of Lseesaw under GF is recov-
ered by promoting the Lagrangian parameters to spuri-
ons transforming as:
Yν ∼ (3, 3¯, 1); YM ∼ (1, 6¯, 1); Ye ∼ (3, 1, 3¯) . (4)
As regards the two broken Abelian factors, U(1)L is bro-
ken (by two units) by µL, that is a spurion with dimen-
sion of a mass, while U(1)R is broken by a dimension-
less spurion R , where R denotes e or ν.
By itself, the Lagrangian eq. (2) induces LFV effects
for the charged leptons that are well below O(10−50),
and thus unobservable. However, a theoretical preju-
dice states that there is new physics at the TeV scale,
since this is needed to cure the SM naturalness prob-
lem. It is then reasonable to assume that at some scale
ΛNP  ΛF , µL, presumably around or somewhat above
the electroweak scale, other states carrying flavour exist.
Integrating out these heavy degrees of freedom, as well
as the heavy RH neutrinos with masses 2νµL > TeV,
at E  TeV we obtain an effective Lagrangian of the
form:
Leff = LSM +LseesawD5 +
1
Λ2NP
∑
i
ciO
(6)
i + . . . . (5)
LseesawD5 is the Weinberg operator [4] that depends on the
spurions (see eq. (6)). O(6)i denote generic dimensions-
six operators written in terms of the SM fields and of the
spurions, and the dots denote higher dimension opera-
tors. Dimensions-six operators involving only the SM
fields conserve B − L [4], and since we have not intro-
duced (dangerous) sources of B violation, then the oper-
ators O(6)i must conserve separately L. This is the reason
why the scale ΛNP can be substantially lower than ΛF
and µL. Note also that U(1)N breaking and ν only af-
fect the RH neutrino masses, without affecting in any
way the Weinberg operator (see eq. (6)). As far as the
flavour structure of the operators O(6)i is concerned, the
assumptions about GF breaking imply the following:
I. Once the transformation properties of the spurions
eq. (4) and of the fields are taken into account, all
O(6)i must be formally invariant under GF .
This condition alone is not sufficient to obtain an effec-
tive theory that is predictive, since the flavour structure
of Yν, YM and Ye cannot be determined from low-energy
data alone [5]. A predictive MLFV formulation must
satisfy an additional working hypothesis:
II. The spurions flavour structure must be recon-
structable from low energy observables, namely
the light neutrino masses and the PMNS mixing
matrix.
The only way this second hypothesis can be satisfied
is by restricting the form of the spurions Yi in such a
way that the relevant LFV combinations will depend on
a reduced number of parameters. This can be obtained
by assuming that the flavour symmetry corresponds to a
subgroup of GF , rather than to the full flavour group.
2.1. U(1)R breaking and size of the LFV effects
Before analyzing the possible subgroups of GF yield-
ing predictive frameworks, let us discuss the connec-
tion between the overall size of the LFV effects and the
breaking of U(1)R. The explicit structure of LseesawD5 and
the corresponding light neutrino mass matrix are
LseesawD5 =
1
µL
(
¯`H˜
)
Yν
1
YM
YTν
(
H˜T `c
)
, (6)
=⇒ m†ν =
v2
µL
Yν
1
YM
YTν = U mν U
T , (7)
where v is the Higgs vacuum expectation value, U is the
PMNS matrix and mν = diag(mν1 , mν2 ,mν3 ). Note that
since LseesawD5 does not break U(1)R, the overall size of
mν depends only on the lepton-number violating scale
µL, but not on e,ν. Without loss of generality we can
rotate Ye and YM to a diagonal basis. In terms of mass
eigenvalues the diagonal entries can be written as:
(Ye)αα =
1
e v
mα , (YM)ii =
1
2ν µL
Mi . (8)
This shows that the overall size of Ye and YM is con-
trolled by the Abelian spurions (the same is true for Yν).
A natural choice for their size is such that the entries
2
in the Yi matrices are of O(1). Considering the light-
neutrino mass matrix eq. (7) it can be seen how this
choice points to a very large L-breaking scale
µL ∼ v2/
√
∆m2atm ≈ 6 × 1014 GeV . (9)
In the case when U(1)R = U(1)N however, we are free
to assume ν  1 as would naturally result from an ap-
proximate U(1)N symmetry. In this case, in spite of the
large values of µL, the RH neutrinos could have much
smaller masses, possibly within the reach of future ex-
periments which, from the phenomenological point of
view, this represents a very interesting possibility [6].
2.2. Two predictive cases
The dimension-six LFV operators O(6)i are invariant
under U(1)L and U(1)N , but break GF through various
spurions combinations, like for example:
∆
(1)
8 = YνY
†
ν ; ∆6 = YνY
†
MY
T
ν ; ∆
(2)
8 = YνY
†
MYMY
†
ν . (10)
In the absence of further assumptions, the ∆’s cannot
be determined in terms of U and mν. To obtain predic-
tive frameworks basically two different criteria can be
adopted, that correspond to assume that in a given basis
either YM or Yν are proportional to the identity matrix
in flavour space I3×3 [5, 6]. Both these criteria have the
property of being natural in the sense that they can be
formulated in terms of symmetry hypotheses, that is by
choosing as flavour symmetry some suitable subgroup
of GF . (Alternative formulations of the MLFV hypoth-
esis have also been proposed in [7–9].)
2.2.1. S U(3)N → O(3)N ×CP.
Assuming that the flavour group acting on the RH
neutrinos is O(3)N rather than S U(3)N , implies that YM
must be proportional to I3×3. However, this condition
alone is not enough to deduce the structure of Yν from
the seesaw formula. Full predictivity for this frame-
work is ensured only if we further assume that Yν is
real: Y†ν = YTν , which follows from imposing CP invari-
ance [5]. In this case, since the Majorana mass term has
a trivial structure, all LFV effects stem from the (real)
Yukawa coupling matrices giving:
∆6 = ∆
(1)
8 = ∆
(2)
8 = YνY
T
ν =
µL
v2
U mν UT . (11)
The main implication for LFV in this scenario is that the
largest entries in the ∆’s are determined by the heaviest
neutrino mass. We refer to [5] for further details.
2.2.2. S U(3)` × S U(3)N → S U(3)`+N .
If we assume that ` and N belong to the fundamen-
tal representation of the same S U(3) group, then in a
generic basis Yν must be a unitary matrix (and thus it
can be always rotated to the identity matrix by a suit-
able unitary transformation of the RH neutrinos). This
condition, first proposed in [6], also allows to invert the
seesaw formula in eq. (7), giving
∆6 =
v2
µL
U
1
mν
UT , ∆(2)8 =
v4
µ2L
U
1
m2ν
U† , (12)
while ∆(1)8 = I3×3 gives no LFV effects. The choice of
a unitary Yν can be phenomenologically interesting be-
cause it has been shown that if the N’s belong to an irre-
ducible representation of a non-Abelian group, then Yν
is precisely (proportional to) a unitary matrix [10]. Now,
models based on non-Abelian (discrete) groups have
proved to be quite successful in reproducing the approx-
imate tri-bimaximal [11] structure of the PMNS matrix,
so an approximate unitarity of Yν is what is obtained in
several cases. This scenario has also the remarkable im-
plication that the largest LFV effects are controlled by
the lightest neutrino mass. Other phenomenologically
interesting features are discussed in [6].
Let us note at this point that m−1ν appearing in eq. (12)
does not correspond to any combination of the spurions
of the high energy theory. Therefore we learn that, con-
trary to common belief, a MFV high energy Lagrangian
can produce, at low energies, operators which are not
MFV. A low energy theory following from a MFV high
energy theory is guaranteed to be also MFV only under
the additional requirement that, when all the spurions
are set to zero, the only massless fields are the SM ones.
2.3. MLFV Operators
Several MLFV operators can be constructed with
the spurions combinations given in eq. (10) or the
analogous structures involving also Ye, like ∆8Ye, and it
is useful to provide at least a partial classification of the
most important ones:
1. On-shell photonic operators.
They control the radiative decays ` → `′γ, and also con-
tribute to µ − e conversion in nuclei, and to four-leptons
processes like ` → 3`′ decays. Their structure is:
O(F)RL = ¯`α (∆8Ye)
αβ (σ · F) eβ · H (13)
where F denotes generically the field strength of the
S U(2)L ×U(1)Y gauge fields. When these operators are
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Figure 1: Bτ→µγ and Bµ→eγ as a function of sin θ13 for the CP con-
serving cases δ = 0, pi and ΛNP ∼ 10−4(2vµL)1/2. The shading corre-
sponds to a lightest ν mass in the range 0 - 0.02 eV. (From ref. [5].)
the dominant ones, one can predict quantitative relations
between µ→ eγ and other processes, as for example:
Bµ→eee ' 1160 Bµ→eγ (14)
ΓµTi→e T i
ΓµTi→capt
' 1
240
Bµ→eγ . (15)
Clearly, in this case the decay µ → eγ would play an
utmost important role in searching for LFV.
2. Off-shell photonic and contact operators with quarks.
They can give important contributions in particular to
µ − e conversion in atoms, and have the form:
O(H)LL = ¯`αγ
µτa∆
αβ
8 `β ·
(
H†τaiDµH
)
,
O(Q)LL = ¯`αγ
µτa∆
αβ
8 `β ·
(
Q¯LτaγµQL
)
,
O(q)LL = ¯`αγ
µ∆
αβ
8 `β ·
(
q¯R γµ qR
)
, (16)
where τa = (1, ~τ) with ~τ the S U(2) matrices and
qR = uR, dR denotes the RH quarks.
3. Four leptons contact operators.
They can be particularly relevant for ` → 3`′ decays.
The leading operators have the form:
O(4`)LL = ¯`αγ
µτa∆
αβ
8 `β ·
(
¯`Lτaγµ`L
)
O(2` 2e)LL = ¯`αγ
µ∆
αβ
8 `β ·
(
e¯R γµ, eR
)
. (17)
Clearly, in the general case when operators of type 2.
and 3. are not particularly suppressed with respect to the
operators in 1., searches for µ − e conversion in nuclei
and for LFV decays like µ → 3e, τ → 3µ etc. become
equally important than µ → eγ to search for LFV. Here
we only consider the radiative decays ` → `′γ, but a
detailed analysis of many others LFV processes within
the first MLFV scenario can be found in [12].
10-3 10-2 10-1
10-4
10-3
10-2
10-1
100
101
102
103
B
µ
→
e
γ
B
τ
→
µ
γ
mνl [eV℄
Hierarhy
Normal
Inverted
10-3 10-2 10-1
10-4
10-3
10-2
10-1
100
101
102
103
B
µ
→
e
γ
B
τ
→
e
γ
mνl [eV℄
Hierarhy
Normal
Inverted
Figure 2: The ratios Bµ→ e γBτ→ µ γ (left) and
Bµ→ e γ
Bτ→ e γ (right) as a function of
the lightest neutrino mass. Green-lighter points correspond to normal
hierarchy, red-darker points to inverted hierarchy. (From ref. [6].)
2.4. Phenomenology
Let us now discuss for the two cases at hand, the
dependence of LFV processes on low energy parame-
ters. We concentrate on the radiative decay `i → ` j γ
and on the effects of on-shell photonic operators O(F)RL .
The relevant LFV structure is ∆8 defined respectively in
eqs. (11) and (12), we also assume that all ci in eq. (5)
are of O(1). We compare the relevance of different
decay channels by means of the normalized branching
fractions:
B`i→` jγ ≡
Γ`i→` jγ
Γ`i→` jνi ν¯ j
. (18)
When the flavour symmetry O(3)N × CP is assumed,
one observes the pattern Bτ→µγ  Bµ→eγ (∼ Bτ→eγ),
which is a consequence of the suppression of LFV ef-
fects when the lightest neutrinos mass eigenvalues are
involved. This is illustrated in Fig. 1, taken from ref. [5]
that depicts the normalized branching fractions Bτ→µγ
and Bµ→eγ assuming a NP scale ΛNP ∼ 10−4
√
2vµL. For
a given choice of δ = 0 or pi (corresponding to CP con-
servation), the strength of the µ→ e suppression is very
sensitive to whether the hierarchy is normal (NH) or in-
verted (IH). For δ = 0 the present experimental limit
on Bµ→eγ allows large values of Bτ→µγ only for the IH,
whereas for δ = pi, a large region with a sizable Bτ→µγ is
allowed only for the NH. Note that the overall vertical
scale in this figure depends on both the ratio (vµL)/Λ2NP
and on the value of the lightest neutrino mass, and that
a large hierarchy ΛNP/µL  1 is required to obtain ob-
servable effects.
When the assumed flavour symmetry is S U(3)`+N ,
the main distinctive feature with respect to the previ-
ous case is that, due to the inverse mν dependence in
eq. (12), LFV processes are enhanced when the lighter
neutrinos masses are involved. This implies, in particu-
lar, a potentially strong enhancement of µ → eγ in the
(NH) case. This is better highlighted by studying ratios
4
of branching ratios for different decay channels, since
they simply reduce to ratios of the modulus squared of
the corresponding ∆8 entries:
B`i→ ` j γ
B`k→ `m γ
=
∣∣∣(∆8)i j∣∣∣2
|(∆8)km|2
. (19)
Figure 2 (taken from ref.[6]) shows two scatter plots
generated with random values for the quantities ∆8 ∼
U 1m2ν U
†, obtained by allowing the neutrino parameters
to vary within their (approximate) 2σ c.l. experimen-
tal intervals [13]. In the left panel we plot, as a func-
tion of the lightest mass eigenvalue, the ratio Bµ→ e γBτ→ µ γ ,
and in the right panel the ratio Bµ→ e γBτ→ e γ . Results for the
NH (mνl = mν1 ) correspond to the green-lighter points,
while the IH (mνl = mν3 ) to the red-darker points. From
the first panel we see that for NH and small values of
mν1 . 10−2 eV we generically have Bµ→ e γ > Bτ→ µ γ.
The enhancement of Bµ→ e γ is obviously due to m2ν ap-
pearing in the denominator of ∆8, and can be of a factor
of a few. In the limit of mν1  mν2,3 , and using the
best fit values of the mixing angles, we have: Bµ→ e γBτ→ µ γ ≈
7.3 (3.2) for δ = 0 (δ = pi). When m2ν1  ∆ m2sol and
mν1 ≈ mν2 , the contributions to µ → e γ proportional
to θ12 suffer a strong GIM suppression, and the decay
rate becomes proportional to θ213 . This behavior is seen
clearly in Fig. 2 (left) for values of mν1 ≈ 10−2 eV. For
IH, in the limit mν3  mν1,2 and independently of the
value of δ we obtain: Bµ→ e γBτ→ µ γ ≈ 2 s213. Approximately the
same result is obtained also in the limit of large masses
mνi 
√
∆m2atm, which explains why for mν1 → 10−1 eV
the results for IH and NH converge.
Results for the ratio of the µ and τ radiative decays
into electrons are depicted in the right panel in Fig. 2. At
a glance we see that for both NH and IH the µ/τ ratios
for decays into electrons remain centered around one for
all values of mνl . Needless to say, since the ratio of nor-
malized branching ratios of other LFV processes like for
example Bµ→3e, Bτ→3µ, Bτ→3e are controlled by the same
LFV factors ∆8, they are characterized by a completely
similar pattern of enhancements/suppressions.
In view of the ongoing high sensitivity searches for
LFV processes [14], besides comparing the rates for dif-
ferent LFV channels, an estimate of the absolute values
of the branching fractions is also of primary interest. In
the most favorable case, in which ∆8 is a matrix with
O(1) entries, a rough estimate gives:
Bµ→ e γ ≈ 1536 pi3 α v
4
Λ4NP
. (20)
When compared with the experimental limit Bexpµ→ e γ <
10−11 [15] this allows us to conclude that the scale of
NP should be rather large: ΛNP & 400 TeV.
In summary, this second MLFV scenario [6] is char-
acterized by a quite different phenomenology from the
first one since it allows the branching fraction Bµ→ e γ to
dominate over Bτ→ µ γ and Bτ→ e γ. The enhancement
with respect Bτ→ µ γ that occurs in the NH case does
not exceed a factor of a few, but it is parametric in the
small values of mν1 . The strong enhancement with re-
spect to Bτ→ e γ instead is due to accidental cancellations
that suppress this process, and that become particularly
efficient when δ is close to zero.
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